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Abstract - -A  mathematical model is developed to analyze the steady vlm:ons aexodynami~ of a 
cucade of thin airfoils in an incompre~ble laminar flow. Solutions for the flow field, described by 
the nonlinear Navier--Stokes quations, are obtained by developing a locally analytical method. In this 
technique, the discrete algobr~ic equations which represent the flow field equations are obtained from 
~ly t i ca l  solutions in individual grid elements, accomplished by locally linearizing the convective 
ter, m. Analytical solutions are then developed by applying these solutio~m toindividual grid elements. 
The ability of the steady flow model and locally analytical solution to predict flow development, 
separation, and reattachment at moderate values of the Reynolds numbers i then demonstrated. 
INTRODUCTION 
The aerodynamics of an airfoil cascade is of significance to a variety of applications, with tur- 
bomachinery being a major emphasis. Gostelow [1] has provided an extensive overview of the 
progress made in cascade aerodynamics including analytical and numerical solutions. The contin- 
uing development of finite difference and element methods and the introduction of new numerical 
techniques such as the locally analytical method will result in the enhancement of this cascade 
aerodynamic modeling. 
The various numerical methods utilized to solve partial differential equations are distinguished 
from one another by the means used to derive the corresponding algebraic representation f the 
differential equations. In finite difference methods, Taylor series expansion and control volume 
formulations are more often used. For finite element methods, variational formulations a d 
the method of weighted residuals are employed. In the locally analytical method, the discrete 
algebraic equations are obtained from the analytical solution in each individual local grid element. 
The locally analytical method for steady two-dimensional fluid flow and steady and unsteady 
heat transfer problems was initially developed byChen et al., references [2-5]. They have shown 
that this method has several advantages over finite difference and finite element methods. Namely, 
the locally analytical method is relatively less dependent on grid size, with the system of locally 
linearized algebraic equations relatively stable. Also, since the solution is analytic, it is differen- 
tiable in any direction and is a continuous function in the solution domain. The disadvantage of 
the local linearization method is that a great deal of mathematical analysis is required before the 
development of the computer code can be initiated. 
In this paper, the locally analytical solution technique is further developed and applied to 
predict he effects of Reynolds number and incidence angle on the steady aerodynamics of a fiat 
plate airfoil cascade at moderate values of the Reynolds number. In this regard, Schroeder and 
Fleeter [6] developed a model and locally analytical solution to predict he viscous steady aero- 
dynamics of a flat plate airfoil in an incompressible laminar flow at low Reynolds number values. 
Thus, the mathematical model developed herein significantly extends this previous modeling and 
locally analytical solution technique. 
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Fig. 1. Cascade ~:~ematic. 
The steady flow field, described by the Navier-Stokes equations, is nonlinear. In the locally 
analytical solution technique, the discrete algebraic equations which represent the flow field equa- 
tions are obtained from analytical solutions in individual grid elements. This is accomplished by 
first locally linearizing the convective terms in the Navier-Stokes equations. Locally analyti- 
cal solutions are then developed by applying these solutions to individual grid elements, with 
the integration and separation constants determined from the boundary conditions in each grid 
element. The complete flow field solutions are obtained through the application of the global 
boundary conditions. It should be noted that the nonlinear character of the complete steady flow 
field is preserved as the flow is only locally linearized, i.e., independently linearized solutions are 
obtained in individual grid elements. 
Nomenclature 
The following nomenclature is used in this paper: 
C airfoil chord 
C/S cascade solidity 
h channel half height 
Re Reynolds number, UooC/t, 
S cascade spacing 
U nondimensional velocity in x direction 
U0 free-stream velocity 
V nondimensional velocity in y direction 
x mean flow direction 
y normal flow direction 
Ax0, Ay0 grid element center 
c~ incidence angle 
nondimensional stream function 
nondimensional vorticity 
¢ cascade stagger angle 
MATHEMATICAL MODEL 
The two-dimensional flow field together with the Cartesian coordinate system are depicted in 
Figure 1. The nondimensional continuity and Navier-Stokes equations are written in terms of 
the vorticity, ~, and the stream function, 9, in equation 1. 
=Re + v y) (la) 
V2q~ = - ~ (lb) 
V2P --2 (U,,V~ - V~V~) (lc) 
where~=Vx-U U and U=~;V=-~2x.  
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The vorticity equation is nonlinear, with the stream function described by a linear Poisson 
equation which is coupled to the vorticity equation through the vorticity source term. 
BOUNDARY TERMS 
The steady flow boundary conditions pecify that there is no slip between the fluid and the 
airfoil and that the fluid velocity normal to the stationary airfoils is zero on the airfoil surfaces. 
U = V = 0 on airfoil surfaces (2) 
A stream function and vorticity formulation is being utilized. Thus corresponding stream 
function and vorticity boundary conditions must be specified. These are determined from the 
definitions of the stream function and the vorticity in conjunction with equation 2. The steady 
stream function is defined by @y - U and @z - -V .  Since U and V are both zero on the airfoil, 
must be a constant on the airfoil surfaces. The vorticity is defined as ~ - Vz - Uy. Since V is 
constant, namely zero, on the airfoil, Vx is zero, and therefore ~ - -U  U on the airfoil surfaces. 
---- constant on airfoil surfaces 
= -Uu = -~vv on airfoil surfaces 
(3) 
(4) 
The passage-to-passage periodicity of thecascade is achieved by extending the computational 
flow field of a typical single passage one grid element in the normal direction at the top and 
bottom of the passage and then applying the calculated values at the upper and lower boundaries. 
The passage-to-passage str am function values differ by a constant while the passage-to-passage 
vorticity values are the same. The periodicity boundary conditions are given in equation (5). 
• (z, --Ay) =~(z,  S - Ay) - constant 
• (z, S + Ay) =@(z, Ay) + constant 
,,(z, -zxy) =,,(z, s - zxy) 
~,(z, s + Ay) =~,(z, Ay) 
(5a) 
(5b) 
(5c) 
(5d) 
where @(-c¢, S) - @(-c¢, 0) is a constant and Ay is the grid increment in the y direction. 
The periodic boundary conditions are shifted by the cosine of the stagger angle (¢) in the 
x-direction for the staggered cascade, Figure 2. The flow field is extended in both the upstream 
and downstream directions to allow the nonoverlapping grid section to be treated as far field 
boundary conditions. 
The far field inlet flow is uniform and has no vorticity, as specified in the following. 
~,(z -~ oo, y) =0 (Oa) 
* (z  -~ -oo, y) =y (6b) 
Far downstream the viscous flow is specified to develop naturally. 
• (z ~ ¢¢,y) =~(oo - ~z ,y )  
~(z -~ oo, y) =~(oo - 4 ,  y) 
(7a) 
(Tb) 
where Az is the grid increment in the z direction. 
LOCALLY ANALYTIC SOLUTIONS 
Locally analytical solutions are obtained for the steady viscous flow field. In this method, 
the discrete algebraic equations which represent the aerodynamic equations are obtained from 
analytical solutions in individual ocal grid elements. This is accomplished by dividing the flow 
field into computational grid elements. In each individual element the nonlinear convective terms 
of the Navier-Stokes equations which describe the steady flow are locally linearized. The nonlinear 
character of the steady flow is preserved as the flow is only locally linearized, that is, independently 
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F ig .  2. Computat iona l  cascade  geometry .  
linearized in individual grid elements. Analytical solutions to the linear equations are then 
determined. The solution for the complete flow field is obtained through the application of the 
global boundary conditions and the assembly of the locally analytic solutions in the individual 
grid elements. 
The steady vorticity transport is described by equation 1, which is nonlinear because of the 
convective terms (U~x + V~y). These terms are locally linearized by assuming that the velocity 
components U and V, which are the coefficients of the vorticity, are constant in each individual 
grid element, that is, locally linearized. 
2A 2B 
U=--  V = -  (8) 
Re Re 
where A and B are constants in an individual grid element, taking on different values in each 
grid element. 
The resulting locally linearized vorticity equation is given in equation 9. This locally linearized 
equation is solved analytically to determine the steady vorticity, ~, in a grid element, thereby 
providing the functional relationships between the vorticity in an individual grid element and the 
boundary values specified on that grid element. 
(9 )  
This vorticity transport equation is elliptic. Therefore, to obtain a unique solution for the 
typical uniform grid element with center (z0, Y0), Figure 3, boundary conditions must be specified 
on all four boundaries. These boundary conditions are expressed in an implicit formulation in 
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Fig. 3. Grid element. 
terms of the nodal values of the vorticity along the boundaries of the element. A second-order 
polynomial is used to approximate the vorticity on each of the boundaries. 
~(~, y0 + ~) -~I + ~ + ~ 
~(~0 + ~x,y) =bl + b~y + b~y ~ 
~(~, y0 - Ay) =c~ + & + &~ 
~(x0 - Az, y) =~ + ~y + ~y2 (10) 
where a/~, b/~, d ,  ~ are constants determined from the three nodal points on each boundary side 
and the z and y distances are all measures from the center of the element (z0, Y0). 
The analytical solution to equation 9subject o the boundary conditions specified in equation 10 
is determined by separation of variables. 
Ti-----OO 
n----1 
+ B~ncosh(E,nz)]sin(A~n(Y+AY)) 
÷ [B~sinh(E, ny)+B~,~cosh(E,r,y)]sin(A~,~(z+Az))~ (11) 
The locally analytical solution for the stream function is obtained by a procedure analogous 
to that used for the vorticity after subdividing the flow region into computational grid elements. 
The stream function is described by a linear Poisson equation that is coupled to the vorticity 
and also is elliptic (Eq. 1). Therefore, to obtain a unique analytical solution for the typical grid 
element, continuous conditions must be specified on all four boundaries. As for the vorticity 
transport equation, continuous boundary conditions are represented in an implicit formulation 
in terms of the nodal values of the stream function by second-order polynomials in z or y as 
measured from the center of the element (z0, y0). 
qr 2 ~(z 0 -1- AX, y) =bl ~ q- b 2 y q- b s y 
#(~0 - A~,y) =d~ +d~y+ d~y 2 (12) 
where a~, b/t, c/~, d~, are constants determined from the three nodal points on each boundary 
side. 
The stream function equation is linear and possesses a nonhomogenous term, -~(z, y), which 
couples the stream function to the vorticity. To solve equation 1 subject o the boundary con- 
ditions specified in equation 12, it is divided into two component problems. One problem has 
6 J.M. WOLFF, S. FLEETER 
a homogenous equation with nonhomogenous boundary conditions, whereas the second problem 
has a nonhomogenous equation with homogenous boundary conditions. 
= ~a + @~ (13) 
Problem I: 
V~@" - 0 (14) 
Problem 2: 
#°(~, ~0 + ~y) =~ + .~ +.~.~ 
~a(x o + Ax,y) =b~ +b~y+b~y ~ 
,~°(~, ~o - A~) =c~" + ~ + c*~ ,~ ~ 
'~°(~o -- ~X~,~) =d~ + d*~ ~ + d~y ~ 
V~@ b = -~(x,y) (15) 
~t~b( x, Y0 "~- Ay) ~-0 
• b(x0 + Ax, y) =0 
#b(x, Y0 -- Ay) =0 
~b(x 0 -- A~, y) =0 
The solutions for ~a and ~b are then determined by separation of variables. 
• (,, ~) = ~ { [B?osinh (~]o~) + B~.cosh (~o,)] sin (~]o (y + Ay))} 
+ [B~.sinh (~.~) + B,~.cosh (~.y)] sin (~.(, + ~)) 
+ [Gy.sinh (~.~) + G~. co~h (~.y) + G]. + G~.y + G~.y ~] sin (~. (, + ~)) 
(16) 
The stream function is continuously differentiable across the grid element. Hence the U and V 
velocity components can be obtained analytically by differentiating the stream function solution. 
The solution for @, ~, U, and V are then used to determine the pressure in the flow field and 
on the boundaries. Thus, the locally analytical solutions for the velocity components and the 
pressure axe determined as post processures. 
RESULTS 
Model and Solution Verification 
The verification of the finite analytical solution developed herein is accomplished by considering 
the channel entrance flow problem. This problem was first solved numerically using a finite 
difference method by Wang and Longwell [7]. It is also considered by Panton [8]. 
The finite analytical predictions obtained from the model presented herein are compared with 
the finite difference solutions of Panton [8], with results presented in the form of streamline and 
vortieity contour plots for half of the flow channel. The locally analytical predictions are obtained 
on a 198 × 43 rectangular grid with 122 points on the channel walls. The convergence criterion 
for the internal and external stream function iterations are 10 -4, with a vortieity tolerance of 
5 x 10 -2. The finite difference predictions are obtained on a 101 x 20 rectangular grid with 50 
points located on the plates. 
The finite analytical and finite difference predictions of the streamlines and the vorticity con- 
tours for Reynolds numbers of 1 and 200 are presented in Figures 4 and 5, respectively. The 
agreement between the two methods is apparent. The differences between the two predictions 
near the channel entrance are a result of the vortieity singularity at the channel entrance. The 
finite difference method handles this singularity by not solving the governing equations at this 
point whereas the finite analytical solution calculates the vorticity at the entrance. 
Y 
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Cascade Flow Field Predictions 
The steady viscous flow model and the locally analytical solutions developed herein are utifized 
to demonstrate the effects of Reynolds number, stagger angle, and mean flow incidence angle on 
the steady flow past a cascade of thin airfoils. 
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Analysis of viscous aerodynamics II 
This is accomplished by analyzing the flow through a series of thin airfoil cascades characterized 
by stagger angles of 0 and 30 degrees, mean flow incidence angles of 15 and 20 degrees, and 
Reynolds numbers of 500 and 1,000. 
The cascade predictions are obtained on a 126 x 37 rectangular g id with 41 points on the airfoil 
surfaces, thereby limiting results to moderate values of the Reynolds numbers. The convergence 
criteria for the internal and external steady stream function iterations are 10 -4, with a steady 
vorticity tolerance of 5 x 10 -2. The computational time ranged from 825 CPU seconds on the 
Cyber 205 for the Reynolds number 500, 0-degree stagger angle, incidence angle of 20 degrees 
study to 1,450 CPU seconds for the Reynolds number of 1,000, stagger angle of 30 degrees, 
incidence angle of 15 degrees results. 
The overall features of the cascade flow field predictions are presented in the form of stream 
function contours for two passages, with the vorticity distributions on the airfoil surfaces used 
to quantify the regions of flow separation and reattachment. In particular, the stream function 
contours qualitatively show the separation regions, with the vorticity distributions on the upper 
and lower airfoil surfaces howing the exact locations of the flow separation and reattachment. 
When the vorticity is zero, the flow separates from the airfoil surface, with reattachment predicted 
when the vorticity again takes on a zero value. 
Increasing the Reynolds number can lead to flow separation, as demonstrated in Figures 6 
and 7. With 20 degrees incidence, no flow separation is found at a Reynolds number of 500. 
However, increasing the Reynolds number to 1,000 results in flow separation at approximately 
15% chord on the upper airfoil surface. The stream function plot has a new contour line beginning 
on the upper airfoil surface marking the inception of the flow separation. 
Increasing the cascade stagger can also result in flow separation. This is seen by comparing 
Figures 6 and 8 wherein the stagger angle is increased from 0 to 30 degrees, for a Reynolds 
number of 500 and an incidence angle of 20 degrees. At the higher stagger angle, flow separation 
is predicted at 20% chord on the airfoil upper surface, with the flow reattaching. 
The effect of Reynolds number and stagger angle on flow separation is further demonstrated 
at an incidence angle of 15 degrees. At a Reynolds number of 500 with 30 degrees of stagger, 
there is no flow separation, Figure 9. Increasing the .Reynolds number to 1,000 while maintaining 
a 30-degree stagger angle results in flow separation at 20% chord on the upper airfoil surface, 
Figure 10. However, at 0-degrees stagger and a Reynolds number of 1,000, there is no flow 
separation (Fig. 11). 
SUMMARY AND CONCLUSIONS 
A mathematical model has been developed to analyze the two-dimensional steady aerodynamics 
of a cascade of thin airfoils in an incompressible laminar flow. Flow field solutions were obtained 
by developing and implementing a locally analytical method. In this approach, the discrete 
algebraic equations which represent the flow field equations are obtained from analytical solutions 
in individual grid elements. This was accomplished by locally linearizing the convective terms 
in the Navier-Stokes equations. The complete flow field solutions were then obtained through 
the application of the global boundary conditions and the assembly of the local grid element 
solutions. 
The ability of the steady flow model and locally analytical solution to predict flow development, 
separation, and reattachment at moderate values of the Reynolds number was then demonstrated. 
This was accomplished by considering the channel entrance flow problem and also analyzing the 
flow past a series of thin airfoil cascades. In particular the effects of cascade stagger angle and 
mean flow incidence angle on the steady aerodynamics of the cascade flow field were investigated. 
It should be noted that the grid utilized limited the results to moderate values of the Reynolds 
number. 
The locally analytical method was found to have several advantageous features as compared to 
other numerical methods. For example, the method was stable for all cases considered. Also, since 
the solution is analytical, truncation errors introduced through finite differencing are minimized. 
In addition, the continuous olutions for the stream function and vorticity are differentiable. 
Hence, the velocity components can be derived analytically. The method also properly predicts 
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the influence of the grid element boundary  nodes on the interior node with any skewed velocity 
vector as all of the boundary  points influence the interior po int  solutions. A d isadvantage of 
the local ly analyt ica l  method is that  it requires much more mathemat ica l  analysis than other 
methods.  Also, the approx imat ion  of the boundary  condit ions on the subregion introduces errors. 
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